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Contact of a circular ring with a ﬂat, rigid ground is considered using curved beam theory and analytical
methods. Applications include tires, springs, and stiffeners, among others. The governing differential
equations are derived using the principle of virtual work and the formulation includes deformations
due to bending, transverse shear and circumferential extension. The three associated stiffness quantities,
EI, GA and EA, respectively, remain as independent parameters in the differential equations. This allows
the special cases such as an inextensible Timoshenko beam (EI and GA) or an extensible Euler beam (EI
and EA) to be obtained directly by the appropriate limits. The effect of these three stiffness parameters
on the contact pressure solution is studied, which shows how those fundamental parameters can be
selected for the purpose of the application. Although the formulation is for small displacement theory,
both radial and circumferential distributed loads are considered, which allows the pressure in the
deformed state to be vertical rather than radial, which is shown to be important. Closed form expressions
for all force and displacement quantities are obtained in terms of the angular location of the edge of con-
tact, which must be determined numerically. Extensibility complicates the analytical expressions within
the contact region, and a series solution is proposed in this case. A two-term asymptotic expression for
the stiffness of the ring is determined analytically. Finally, all solutions are validated using the commer-
cial ﬁnite element software ABAQUS, with attention to non-linear behavior and the range of validity of
these solutions.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Curved beams or bars can be encountered in several engineer-
ing applications, such as bridge structures, aerospace structures,
tires, springs, pipes, stiffeners for shells, among others. Due to
the wide and extensive use of curved beams, a great deal of interest
has been shown in theory development and solutions of a variety
of associated mechanics problems. While the ﬁrst contributions
can be traced back to the 19th century, many analytical and com-
putational investigations involving both dynamic and static behav-
ior have been done during the past three or four decades.
Most of the recent effort has focused on vibrations of circular
arches that take axial extension and transverse shear deformation
into account. For example, Tüfekçi and Arpaci (1998) determined
the exact solution of free in-plane vibrations of circular arches of
uniform cross-section including the effects of axial extension, trans-
verse shear deformation and rotary inertia effects. Lin and Lee
(2001) presented closed-form solutions for dynamic analysis ofll rights reserved.
).extensional circular Timoshenko beamswith general elastic bound-
ary conditions by using generalized Green function given by Lin
(1998). Qatu (1993) developed a set of equations of motion for thin
and thick laminated curved beams and obtained exact closed form
natural frequencies for simply-supported curved beams. He also
studied the effects of rotary inertia, shear deformation, curvature
and thickness ratios, and material orthotropy on the natural fre-
quencies. For additional references see Markus and Nanasi (1981),
Laura and Maurizi (1987) and Chidamparam and Leissa (1993).
There has also been recent interest in static analysis of curved
beams since the early contributions of Timoshenko (1955), in Chap-
ter VI, who extended the linear bending theory of Euler–
Bernoulli to curved beams and Flügge (1960), who established the
stress analysis of shells and considered cylindrical and spherical
shells in detail. Lim et al. (1997) presented the exact relationships
between deﬂection and stress resultants of Timoshenko and
Euler–Bernoulli curved beam when a transverse load acts at the
beam centerline. Such results enable straightforward conversion
of the ‘‘familiar’’ Euler–Bernoulli solutions into thoseof Timoshenko.
Lin (1998) presented a Green’s function approach to solve nth-order
ordinarydifferential equations and applied themethod to obtain the
exact solution for static analysis of an extensible circular curved
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ditions. While most studies are for circular beams, Lin and Huang
(2007) presented an analytical method to determine the general
solutions of 2-D static curved beams of arbitrary curvature for an
isotropic material without taking into account shear deformation.
They considered elliptical, parabolic, and exponential spiral shapes
as examples. The paper by Lin and Hsieh (2007) extended (Lin and
Huang, 2007) to study laminated curvedbeams, stillwithout includ-
ing shear deformation. They considered the effects of aspect ratio,
thickness ratios, orthotropy ratios and stacking sequence on lami-
nated ring. Later Lin and Huang (2007) derived the static closed-
form solutions for in-plane curved beams with variable curvature
by including the effect of shear deformation. In the same context,
the analytical analysis of beams has been used by Guedes and Al-
cides (2008) to assess the three-point bend method to determine
hoop modulus and the maximum circumferential stresses at both
extreme of the curved beam.
Although the curved beam is used extensively in structures,
only a few studies have been published that involve contact of
curved beams. Wu and Plunkett (1965) have solved the large
deformation contact problem of two thin inextensible rings of dif-
ferent radii brought into contact using rigid anvils considering
large deﬂection effects using Euler–Bernoulli beam theory. These
later authors did not account for shear deformation and extensibil-
ity and indicated that there is a discontinuity of the shearing force
at the edge of contacts. Block and Keer (2007) made use of plane
strain isotropic elasticity to study the contact of a frictionless, elas-
tic curved beam indented by a ﬂat, rigid surface. The contact prob-
lem is solved using the Michell–Fourier series expansion. The
elasticity solution is compared with that of a classical Euler–Ber-
noulli beam and solutions showed good agreement for the limiting
case of thin ring. In a technical report by Robbins (1965), the solu-
tion for the contact of an isotropic half ring clamped on both edges
using shell theory and including the effect of shear deformation is
presented. In the studies by Block and Keer (2007) and Robbins
(1965), which are both for isotropic material behavior, the pressure
is assumed to be radial in the deformed state, which is consistent
with small deformation theory. As will be shown, a radial pressure
leads to an erroneous axial force within the beam and furthermore,
from the point of view of ring design, it is an advantage to decouple
the bending stiffness from the shear stiffness in order to produce
speciﬁc pressure proﬁles.Fig. 1. Uniformly curved beam with rectangular cross-section. (a) 3-D mThe above studies are for inﬁnitesimal strain theory and for the
ring problems considered herein, it is important to acknowledge
the effects of large displacement. The current study does not ac-
count for large displacements, and the reader is referred to Fris-
ch-Fay (1962), in Chapter 4, who has presented the non-linear
bending theory of inextensible ﬂexible bars with initial curvature.
Therefore, the present study addresses the symmetric contact of
a uniformly curved beam on a ﬂat, rigid surface by considering the
contact stress normal to the rigid plate. The governing equations
and solutions are functions of the three fundamental stiffness
parameters, EA, EI, and GA which are respectively, the axial stiff-
ness, bending stiffness and shear stiffness. Common examples of
the limiting cases that can be obtained are the Euler–Bernoulli
and inextensible Timoshenko curved beam theories. Homogeniza-
tion theory is used to obtain these parameters from the design of
the cross-section of the beam. In order to validate the results, the
present analytical solution is compared with that of the ﬁnite ele-
ment method using ABAQUS. A parametric study of the contact
pressure for the full range of stiffness options for the ring is
presented.2. Curved beam theories
Fig. 1a depicts a uniformly curved beam of a rectangular cross-
section. The circular beam is geometrically characterized by its
uniform cross-section, constant width b and constant thickness h.
R denotes the radius of curvature of the centroid of the cross-sec-
tion. In the forthcoming sub-sections, only in-plane deformation is
considered and the 3-D elastic continuum is modeled as a 1-D
beam as illustrated in Fig. 1b. Following Timoshenko (1921) and
Timoshenko (1922) and then classical Euler–Bernoulli (Euler,
1744) assumptions, the governing differential equations will be
derived.2.1. Timoshenko curved beam
2.1.1. Equilibrium equations
Following Timoshenko (1921) and Timoshenko (1922), it is as-
sumed that the cross-section of the beam rotates yet remains
straight after deformation, which supposes uniform shear strain,
and therefore shear stress, through the thickness. Shear correctionodel out of plane deformation, (b) 1-D model in plane deformation.
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shear strain as shown by, for example, Cowper (1966). The associ-
ated displacement ﬁeld is given by
urðr; hÞ ¼ urðR; hÞ ¼ urðhÞ;
uhðr; hÞ ¼ uh0ðhÞ þ ðr  RÞ/ðhÞ;
ð1Þ
where ur(h), uh0(h) and /(h) are respectively the transverse displace-
ment, circumferential displacement and cross-section rotation with
respect to the centroid of the cross-section. Introducing the thick-
ness variable z = r  R, the displacement ﬁeld becomes,
urðz; hÞ ¼ urðhÞ;
uhðz; hÞ ¼ uh0ðhÞ þ z/ðhÞ:
ð2Þ
The substitution of (2) into the standard expressions for strain in
polar coordinates,
err ¼ @ur
@r
;
ehh ¼ 1r
@uh
@h
þ ur
r
;
crh ¼ 2erh ¼
1
r
@ur
@h
þ @uh
@r
 uh
r
;
ð3Þ
gives,
err ¼ 0;
ehh ¼ 1Rþ z
duh0
dh
þ ur þ z d/dh
 
;
crh ¼
1
Rþ z
dur
dh
 uh0 þ R/
 
:
ð4Þ
The virtual strain energy for a sector of circle between the angles h1
and h2 as shown in Fig. 1b is given by,
dU ¼
Z
X
rhhdehh þ srhdcrhð ÞdX
¼
Z h2
h1
Z
A
rhhdehh þ srhdcrhð ÞrdAdh: ð5Þ
Substituting (4) into (5) yields,
dU ¼
Z h2
h1
Z
A
rhh
1
Rþ z d
duh0
dh
þ ur þ z d/dh
 
þ srh 1Rþ z d
dur
dh
 uh0 þ R/
 
ðRþ zÞdAdh
¼
Z h2
h1
Z
A
rhh
dduh0
dh
 srhduh0
 
þ rhhdur þ srh ddurdh
 
þ zrhh dd/dh þ Rsrhd/
 
dAdh: ð6Þ
In terms of the stress resultants for bending moment, axial force
and shear force,
M ¼
Z
A
zrhhdA;
N ¼
Z
A
rhhdA;
V ¼
Z
A
srhdA;
ð7Þ
the virtual strain energy expression (6) can be written as,
dU ¼
Z h2
h1
N
dduh0
dh
 Vduh0
 
þ Ndur þ V ddurdh
 
þ Mdd/
dh
þ RVd/
 
dh: ð8Þ
Integrating the above by parts, the expression of the virtual strain
energy becomes,dU¼
Z h2
h1
dN
dh
V
 
duh0þ NdVdh
 
durþ dMdh þRV
 
d/
 
dh
þ Nduh0þVdurþMd/½ h2h1 : ð9Þ
Considering the radial and circumferential distributed loads, qr(h)
and qh(h), to be applied at the mid-surface of the beam, the external
virtual potential energy can be written as,
dV ¼ 
Z h2
h1
qrdur þ qhduh0ð ÞRbdh: ð10Þ
The principle of virtual work states that the virtual work of a
deformable continuum in equilibrium is zero,
dW ¼ dU þ dV ¼ 0; ð11Þ
which using (9)–(11) gives,
0 ¼
Z h2
h1
 dN
dh
 V  Rbqh
 
duh0 þ N  dVdh  Rbqr
 
dur

þ  dM
dh
þ RV
 
d/

dhþ Nduh0 þ Vdur þMd/½ h2h1 : ð12Þ
Eq. (12) is valid for any set of admissible virtual radial and circum-
ferential displacements and virtual cross-section rotation. Thus, the
static equilibrium equations for a uniformly curved Timoshenko
beam with extensibility are given by
dN
dh
þ V ¼ Rbqh;
N  dV
dh
¼ Rbqr;
dM
dh
 RV ¼ 0:
ð13Þ
These equilibrium equations are subjected to the essential/natural
boundary conditions indicated in (12).
2.1.2. Governing differential equations
Material behavior is now introduced using the linear constitu-
tive relations,
rhh ¼ Eehh;
srh ¼ Gcrh;
ð14Þ
where E and G can be functions of z. Substituting (4) into (7) gives
the expressions for the stress resultants in terms of the displace-
ments as follows:
M ¼
Z
A
zE
Rþ z
duh0
dh
þ ur þ z d/dh
 
dA ¼ K1 d/dh þ K12
duh0
dh
þ ur
 
;
N ¼
Z
A
E
Rþ z
duh0
dh
þ ur þ z d/dh
 
dA ¼ K2 duh0dh þ ur
 
þ K12 d/dh ;
V ¼
Z
A
G
Rþ z
dur
dh
 uh0 þ R/
 
dA ¼ K3 durdh  uh0 þ R/
 
;
ð15Þ
where the stiffness coefﬁcients introduced in Eqs. (15) are given by,
K1 ¼
Z
A
z2E
Rþ z dA;
K12 ¼
Z
A
zE
Rþ z dA;
K2 ¼
Z
A
E
Rþ z dA;
K3 ¼
Z
A
G
Rþ z dA:
ð16Þ
Substituting (15) into the equilibrium equations, (13), gives the
governing differential equations for the displacement ﬁelds,
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d2uh0
dh2
 K3uh0 þ ðK2 þ K3Þdurdh þ K12
d2/
dh2
þ RK3/ ¼ Rbqh;
 K3 d
2ur
dh2
þ K2ur þ ðK2 þ K3Þduh0dh þ ðK12  RK3Þ
d/
dh
¼ Rbqr ;
K1
d2/
dh2
 R2K3/þ ðK12  RK3Þdurdh þ K12
d2uh0
dh2
þ RK3uh0 ¼ 0:
ð17Þ
In the limit as the radius, R, becomes much larger than the thick-
ness, h, R + z can be replaced by R, which allows the stiffness expres-
sions (16) to be replaced with the more familiar slender beam
expressions,
K1 ¼ EIR ;
K12 ¼ 0;
K2 ¼ EAR ;
K3 ¼ GAR :
ð18Þ
Substituting (18) into Eqs. (17) gives the approximate governing
differential equation of a uniformly curved, extensional, Timo-
shenko beam as follows,
EA
d2uh0
dh2
 GAuh0 þ ðEAþ GAÞdurdh þ RGA/ ¼ R
2bqh;
 GAd
2ur
dh2
þ EAur þ ðEAþ GAÞduh0dh  RGA
d/
dh
¼ R2bqr;
EI
d2/
dh2
 R2GA/ RGAdur
dh
þ RGAuh0 ¼ 0:
ð19Þ
The coupled differential Eqs. (19) are subjected to the following
exclusive essential/natural boundary conditions; either of which
must be known at each edge of the beam,
urðhiÞ=VðhiÞ ¼ GAR
dur
dh
 uh0 þ R/
 
hi
;
uh0ðhiÞ=NðhiÞ ¼ EAR
duh0
dh
þ ur
 
hi
;
/ðhiÞ=MðhiÞ ¼ EIR
d/
dh

hi
; i ¼ 1;2
ð190Þ
For a structural member to be modeled as a beam, its thickness
compared to its characteristic length should be negligible. In the
case of a curved beam, the characteristic length is the radius of cur-
vature, R. Furthermore, based on some comparative simulations be-
tween the governing Eqs. (17) and the approximate Eqs. (19), there
was an appreciable difference only when h/R was large enough to
violate standard beam assumptions. Therefore, just as for straight
beams, Eqs. (19) are expected to be suitable approximations of
the continuum problem for a slenderness ratio of about one-tenth.
2.2. Euler–Bernoulli curved beam
The Euler–Bernoulli kinematical assumption states that a plane
normal to the centroidal axis before deformation remains plane
and normal to the centroidal axis after deformation (Wu and
Plunkett, 1965). Since this corresponds to zero shear strain, from
Eq. (4)3 the kinematic constraint for the rotation of the Euler–Ber-
noulli cross-section can be expressed as
/E ¼ 1
R
dur
dh
 uh0
 
: ð20Þ
Thus the displacement ﬁeld (1) becomes,
urðr; hÞ ¼ urðR; hÞ ¼ urðhÞ;
uhðr; hÞ ¼ uh0ðhÞ  r  RR
dur
dh
 uh0
 
:
ð21ÞFollowing the same virtual work procedure as in the previous sec-
tion, the governing differential equations in terms of the stiffness
expressions (16), can be obtained and written as follows,K1
R
d4ur
dh4
 2K12 d
2ur
dh2
þ RK2ur  K1R þ K12
 
d3uh0
dh3
þ RK2 þ K12ð Þduh0dh ¼ R
2bqr ;
 K1
R
þ K12
 
d3ur
dh3
þ ðRK2 þ K12Þdurdh
þ K1
R
þ RK2 þ 2K12
 
d2uh0
dh2
¼ R2bqh:
ð22ÞUsing the approximation that h is small compared to R, the govern-
ing differential equations can be reduced to
EI
R2
d4ur
dh4
þ EAur  EI
R2
d3uh0
dh3
þ EAduh0
dh
¼ R2bqr ;
 EI
R2
d3ur
dh3
þ EAdur
dh
þ EAþ EI
R2
 
d2uh0
dh2
¼ R2bqh:
ð23Þ
These equations are subjected to the following boundary
conditions,
urðhiÞ=VðhiÞ¼ dMdh

hi
¼ EI
R3
d3ur
dh3
d
2uh0
dh2
 !
hi
;
uh0ðhiÞ=NðhiÞ¼EAR
duh0
dh
þur
 
hi
;
/ðhiÞ¼1R 
dur
dh
þuh0
 
hi
,
MðhiÞ¼ EI
R2
d2ur
dh2
duh0
dh
 !
jhi ; i¼1;2:
ð230Þ3. Solution procedure
In order to solve analytically the governing equations of the uni-
formly curved beam, either (19) or (23), it is convenient to decou-
ple them and express one equation in terms of only one unknown.
In the case of the uniformly curved Timoshenko beam given by Eqs.
(19), the uncoupled equation for the transverse displacement,
along with the relationships between the circumferential displace-
ment, cross-section rotation and transverse displacement can be
expressed as follows:
d5ur
dh5
þ 2d
3ur
dh3
þ dur
dh
¼
R2b R2EAþ EI
 
EIEA
dqr
dh
 R
2b
GA
d3qr
dh3
þ R
4b
EI
qh 
R2bðEAþ GAÞ
GAEA
d2qh
dh2
;
duh
dh
¼ P d
4ur
dh4
þ d
2ur
dh2
 !
 ur þ R
2b
EA
qr  P
R2b
GA
d2qr
dh2
 P R
2b EAþ GAð Þ
GAEA
dqh
dh
;
/ ¼ 1
R
uh0  1þ EAGA
 
dur
dh
 
 EA
RGA
d2uh0
dh2
 Rb
GA
qh;
ð24Þ
where the constant,
P ¼ EIGA
R2EAGAþ EIGAþ EIEA :
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and the relationship between circumferential and transverse
displacement for a uniformly curved Euler–Bernoulli beam can be
given by,
d5ur
dh5
þ 2d
3ur
dh3
þ dur
dh
¼
R2b R2EAþ EI
 
EIEA
dqr
dh
þ R
4b
EI
qh 
R2b
EA
d2qh
dh2
;
duh
dh
¼ Q d
4ur
dh4
þ d
2ur
dh2
 !
 ur þ R
2b
EA
qr  Q
dqh
dh
 
;
ð25Þ
where
Q ¼ EI
EI þ R2EA :
Note that in the limit as GA becomes much larger than EA and EI/R2
in Eqs. (24), Eqs. (25) are recovered, which means that the Euler–
Bernoulli beam theory is a particular case of the Timoshenko beam
theory. Therefore, in the next forthcoming sections, only the Timo-
shenko beam equations are considered.
3.1. Homogenous solutions
Assuming zero distributed loading, the general, homogeneous
solutions to (24) for a uniformly curved Timoshenko beam are
given as follows:
urðhÞ ¼ C2  C3 cosðhÞ þ C4 sinðhÞ
 C5 h cosðhÞ þ sinðhÞR
2GAEAþ EIEA EIGA
R2GAEAþ EIEAþ EIGA
 !
þ C6 h sinðhÞ  cosðhÞR
2GAEAþ EIEA EIGA
R2GAEAþ EIEAþ EIGA
 !
;
uh0ðhÞ ¼ C1 þ C2hþ C3 sinðhÞ þ C4 cosðhÞ þ C5h sinðhÞ þ C6h cosðhÞ;
/ðhÞ ¼ C1 1Rþ C2
h
R
þ C5 2RGAEA
R2GAEAþ EIEAþ EIGA cosðhÞ
 C6 2RGAEA
R2GAEAþ EIEAþ EIGA sinðhÞ;
ð26Þ
where (Ck)16k66 are unknown coefﬁcients, which can be determined
by specifying the boundary conditions.While (24) clearly shows that
the order of the governing equation for the radial displacement, ur, isFig. 2. Uniformly curved elastic beam5th, the above general solutions indicate that the orders of the differ-
ential equations for the rotation, /, and the circumferential displace-
ment, uh0, are 4th and 6th order, respectively. The internal forces and
moment can be determined combing Eqs. (15), (18) and (26),
NðhÞ ¼ 2EIGAEA
R2GAEAþ EIEAþ EIGA
 
R
C5 sinðhÞ þ C6 cosðhÞð Þ;
VðhÞ ¼ 2EIGAEA
R2GAEAþ EIEAþ EIGA
 
R
C5 cosðhÞ þ C6 sinðhÞð Þ;
MðhÞ ¼ C2 EI
R2
 2EIGAEA
R2GAEAþ EIEAþ EIGA C5 sinðhÞ þ C6 cosðhÞð Þ:
ð27Þ3.2. Contact solution
Consider an arch, where the origin of the angular coordinate is
taken at 6 o’clock, pressed against a ﬂat rigid ground as presented
in Fig. 2. It is assumed that the entire length of the arc will be in
contact, where the angles, h = ±hL, corresponds to the two edges
of contact.
Since for frictionless contact, the contact pressure, q(h), is nor-
mal to the rigid ground, namely vertical, the radial and circumfer-
ential distributions of forces are given in terms of the pressure by,
qrðhÞ ¼ qðhÞ cosðhÞ;
qhðhÞ ¼ qðhÞ sinðhÞ:
ð28Þ
Within the region of contact there are four unknown functions: ur,
uh, /, and q. These unknowns must satisfy the three governing dif-
ferential equations (19) and a fourth equation provided by the kine-
matics of contact. Following Fig. 2, when the ﬂat rigid ground is
displaced upwards by d, the vertical displacement can be expressed
as
vðhÞ ¼ R d R cosðhÞ; ð29Þ
In addition, the relationship between the displacement ﬁelds in
both coordinate systems is given by,
urðhÞ ¼ vðhÞ cosðhÞ þ uðhÞ sinðhÞ;
uhðhÞ ¼ vðhÞ sinðhÞ þ uðhÞ cosðhÞ:
ð30Þ
Combining (28)–(30) with (19) gives a complete differential system,
consisting of the following three equations for the three unknownin contact with ﬂat, rigid ground.
Fig. 3. Ring in contact between two rigid plates.
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ment, the cross-section rotation and the contact pressure:
EA cosðhÞ d
2u
dh2
þ ðGA EAÞ sinðhÞ du
dh
þ RGA/ R2bq sinðhÞ
¼ ð2EA GAÞR sinðhÞ cosðhÞ;
 GA sinðhÞd
2u
dh2
þ ðEA GAÞ cosðhÞdu
dh
 RGAd/
dh
 R2bq cosðhÞ
¼ ð2GA EAÞR cos2ðhÞ þ ðEA GAÞR;
 RGA sinðhÞdu
dh
þ EI d
2/
dh2
 R2GA/ ¼ GAR2 sinðhÞ cosðhÞ:
ð31Þ
These differential equations can be decoupled readily into one
uncoupled 4th order differential equation with non-constant coefﬁ-
cients in the horizontal displacement u.
Using the transformation,
f ðhÞ ¼ d
2u
dh2
 R sin h; ð32Þ
and decoupling (31) gives,
EI sin h EA cos2ðhÞ  GA sin2 h
h i d2f
dh2
þ 2EI cos h EA cos2ðhÞ  2EA GA sin2 h
h i df
dh
 sin h cos2ðhÞ EIGAþ R2GAEAþ EIEA
 
 2EIEA 3EIGA
h i
f
þ EAR R2GA sin2 hþ 2EI
h i
¼ 0: ð33Þ
While the closed form homogeneous solution for (33) can be ob-
tained in terms of generalized hyper-geometric expressions, these
expressions are tedious to use and will be avoided in this study.
For the special case of an inextensible beam, the closed form solu-
tion can be expressed using simple functions as shown in Appendix
A. However, for the general case of an extensible beam, an alterna-
tive is proposed to solve the contact problem, which makes use of
the original differential equations, (19), instead of (31). Taking
advantage of symmetry, the contact pressure is an even function
and therefore can be expressed in terms of the following series of
cosines, which form a complete basis:
qðhÞ ¼
Xþ1
n¼0
qn cosðnhÞ ﬃ
Xm
n¼0
qn cosðnhÞ: ð34Þ
Since the governing equations considered herein are linear, super-
position of solutions that correspond to an arbitrary component n
can be applied. Furthermore, taking into account that the general
solution is a superposition of the particular solution plus the
homogenous solution, the following notation is used to represent
the general solution assuming (34),
ur ¼ urh þ
Xþ1
n¼0
uðnÞr ; uh ¼ uhh þ
Xþ1
n¼0
uðnÞh ; / ¼ /h þ
Xþ1
n¼0
/ðnÞ; ð35Þ
where uðnÞr ; u
ðnÞ
h ; /
ðnÞ are the particular solutions of the following
coupled differential equations,
EA
d2uh0
dh2
 GAuh0 þ ðEAþ GAÞdurdh þ RGA/ ¼ Rbqn sinðhÞ cosðnhÞ;
 GAd
2ur
dh2
þ EAur þ ðEAþ GAÞduh0dh  RGA
d/
dh
¼ Rbqn cosðhÞ cosðnhÞ;
EI
d2/
dh2
 R2GA/ RGAdur
dh
þ RGAuh0 ¼ 0:
ð36ÞAfter the determination of the general solution (35), which corre-
sponds to an arbitrary pressure of the form (34), it is necessary to
enforce the contact condition, (29), which is now expressed in
terms of radial and tangential displacements as follows:
vðhÞ ¼ R d R cosðhÞ ¼ ur cosðhÞ  uh sinðhÞ: ð37Þ
Considering now the truncation of (34) to a ﬁnite number of terms,
i.e., making use of the sub-sequence (qn)06n6m, the two expressions
for the vertical displacement in (37) will not be identically equal.
Therefore, a minimum number of terms is sought that will satisfy
the condition (37) to a sufﬁcient order of precision, understanding
that in this linear solution, the contact angle expressed in radians,
hL 1. This is accomplished by expanding each side of Eq. (37)
into a Taylor’s series and by matching terms. Due to favorable rea-
sons such as symmetry, it can be shown that the Taylor’s expan-
sion of Eq. (37) is satisﬁed to order 2(m + 1). For example, if
m = 3 in the approximate pressure expression, (34), by appropriate
matching of terms, the Taylor’s expansion of (37) will be satisﬁed
to the 2(3 + 1) = 8th order in h which gives an error of order, h10L .
Since in most cases contact angles are much smaller than unity,
m = 3 is believed to be totally sufﬁcient to give excellent results.
Furthermore, the accuracy is easily veriﬁed by comparing the
approximate solution to the exact boundary condition given by
(37).
4. Ring in contact
Consider a thin ring brought into contact with two rigid sur-
faces as shown in Fig. 3. The two ﬂat surfaces are displaced toward
each other by an equal displacement, d.
As shown in Fig. 3, the ring is subdivided into region I that is in
contact and region II that is not in contact. Only one contact region
is assumed in this solution procedure. The problem is symmetric
with respect to the vertical and horizontal axes. Hence, solving this
problem amounts to solving just a quarter of the ring. Using sym-
metry one can recover the solution of the entire ring.
The solution for region I is described in Section 3.2. Due to sym-
metry about h = 0, the contact region introduces three unknown
coefﬁcients corresponding to C2, C3, and C6 in (26). However, one
of these is eliminated in the matching of Taylor series terms from
(37). Therefore, from region I there are two unknowns which will
be referred to as (Ck)16k62.
Taking into account symmetry with respect to h = p/2 and fol-
lowing (26), in region II the displacement expressions are written
in terms of the three unknown coefﬁcients (Ck)36k65 as follows:
Table 1
Beam properties used for the validation study.
Material parameters Geometrical parameters
E [GPa] G [MPa] R [mm] h [mm] b [mm] d [mm]
10 4 200 20 60 20
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h p
2
 
cosðhÞ:
þ sinðhÞR
2GAEAþ EIEA EIGA
R2GAEAþ EIEAþ EIGA
!
;
uh0ðhÞ ¼ C3 h p2
 
þ C4 cosðhÞ þ C5 h p2
 
sinðhÞ;
/ðhÞ ¼ C3 1R h
p
2
 
þ C5 2RGAEA
R2GAEAþ EIEAþ EIGA cosðhÞ:
ð38Þ
Similarly, the internal forces and moment from Eqs. (27) are
NðhÞ ¼ 2EIGAEA
R2GAEAþ EIEAþ EIGA
 
R
C5 sinðhÞ;
VðhÞ ¼  2EIGAEA
R2GAEAþ EIEAþ EIGA
 
R
C5 cosðhÞ;
MðhÞ ¼ C3 EI
R2
 2EIGAEA
R2GAEAþ EIEAþ EIGAC5 sinðhÞ:
ð39Þ
In addition to the total of ﬁve coefﬁcients from the two regions, the
contact angle hL is also an unknown, which makes a total of six un-
knowns. These constants are determined by equating all the essen-
tial and natural quantities at the contact edge, which is the
boundary of the two regions. The six continuity conditions are:
uIrðh ¼ hLÞ ¼ uIIr ðh ¼ hLÞ;
uIh0ðh ¼ hLÞ ¼ uIIh0ðh ¼ hLÞ;
/Iðh ¼ hLÞ ¼ /IIðh ¼ hLÞ;
NIðh ¼ hLÞ ¼ NIIðh ¼ hLÞ;
VIðh ¼ hLÞ ¼ VIIðh ¼ hLÞ;
MIðh ¼ hLÞ ¼ MIIðh ¼ hLÞ:
ð40Þ
The above Eqs. (40)26 provide ﬁve linear equations to solve for ﬁve
unknown coefﬁcients (Ck)16k65 in terms of the unknown contact an-
gle hL. Substituting the analytical expression of (Ck)16k65 into Eq.
(40)1 provides a non-linear equation of hL which is determined
numerically.
An important fundamental result is the relationship between
the total load and the vertical deﬂection. In order to ﬁnd a series
expansion of the total load in terms of the vertical deﬂection to
the second order, the contact angle hL is written as the series
expansion
hL ¼ a0dþ a1d2 þ Oðd3Þ: ð41Þ
This expression is then substituted into (40)1 and expanded to sec-
ond order, which gives the following solution:
a0 ¼ 4pEIEA
R R2 p2  8ð ÞEAGAþ p2EIEAþ p2EIGA
  ;
a1 ¼ a30
R R4 p2  8 EAGA2 þ R2p2EIGA2 þ R2p2EIGAEAþ p2EAEI2 
2p2EAEI2
:
ð42Þ
Thus the second order expansion of the total load in terms of the
deﬂection can be expressed as
F ¼ Kdþ RK
3
8GA2
d2 þ Oðd3Þ; ð43Þ
where the stiffness coefﬁcient K is given by
K ¼ 8p
R
p28ð ÞR2
EI þ p
2
EA þ p
2
GA
  : ð44ÞThe ﬁrst order result represents the relationship between deﬂection
and total load for the case of a ring between two diametrically op-
posed point loads.
Another fundamental results for small deﬂections that can be
obtained from (43), is that the contact pressure is determined to be
q ¼ GA
Rb
; ð45Þ
independent of the three stiffness parameters. Rhyne and Cron
(2006) have shown this result to be valid when shear deformation
dominates.
4.1. Validation
For the purpose of validation of the analytical results, the ﬁnite
element software ABAQUS is used to model a half ring with appro-
priate boundary conditions as both edges are pressed between two
analytical rigid plates. The linear plane Timoshenko beam ele-
ments B21 were used to model the beam and inﬁnitesimal defor-
mation and linear geometry solver were used. The material and
geometry used for this validation study are presented in Table 1.
The analytical and ﬁnite element method results are in excel-
lent agreement for the displacement in Fig. 4a, the internal force
and moment resultants in Fig. 4b, the contact pressure in Fig. 5
and the force–displacement curves in Fig. 6.
In Fig. 4b the effect of a vertical pressure is shown to be impor-
tant in the determination of the axial load within the region of
contact.
In general, based on these results it is clear that the linear ana-
lytical model is capable of giving relatively good results for small
deﬂections. However, as seen in Fig. 6, for large deﬂections, which
induce large rigid body rotations, the linear solutions do not pre-
dict the correct softening trend for large load. The analysis adopted
in this present research was based on the assumptions of linear
elasticity, i.e. small displacement gradients. Based on the predicted
hardening trend given by (43), which does not match the non-lin-
ear softening trend even at small load, one can conclude that the
effects of non-linear geometry need to be included in order to cor-
rectly determine the second polynomial coefﬁcient of the force–
displacement relationship. Understanding this limitation, in the
next section the effect of material behavior of the beam on the con-
tact pressure is investigated.
4.2. Effect of beam stiffness parameters on contact pressure
The parameter space for the problem under investigation in-
volves the geometric parameter, d/R, which is the ratio between
the deﬂection and the radius of curvature at the centroid of the
beam (Fig. 3), and the two non-dimensional material stiffness
parameters,
k ¼ EAR
2
EI
p2  8 
p2
; c ¼ GAR
2
EI
p2  8 
p2
; ð46Þ
which are respectively, the ratio between axial and bending
stiffnesses and the ratio between the shear and bending stiffnesses.
The ﬁrst parameter, k, quantiﬁes the importance of beam extensibil-
ity. The second parameter, c, quantiﬁes the importance of shear
stiffness. These parameters account for both material property
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Fig. 4. Comparison between analytical and ﬁnite element solutions (a) displacement components (b) internal forces and moment. The insert in Fig. 4b shows the discrepancy
of the axial force within the region of contact when a radial pressure is used.
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of the normalized pressure results is on material behavior, a con-
stant value of d/R = 0.27 is used, which will clearly show solution
trends. In order to understand the effect of the two material stiff-
ness parameters, k and c, the key limiting cases are summarized
in Table 2.
In Fig. 7 the k parameter is large, which represents an inextensi-
ble beam, and the value of c is varied from very small, where shear
dominates bending, to very large, which gives Euler–Bernoulli
behavior where bending dominates shear. These results show how
the Euler–Bernoulli case of two pressure spikes switches to a more
uniform pressure as shear deformation becomes more important.
In the extreme cases where c > 105, the pressure in the center is
negative indicating that there will be two separate contact areas
with no contact in the center. Themathematical solution in this case
is correct since the contact condition is satisﬁed, but the result is
non-physical unless adhesion is permitted.In Fig. 8 the beam has a constant value of c = 106, which corre-
sponds to an Euler–Bernoulli beam where bending deformation
dominates shear. The varying of the k parameter reveals the effect
of extensibility. Since shear deformation is suppressed, the pres-
sure ranges from two spikes for the inextensible limit (large k) to
a single point load when extensibility dominates bending deforma-
tion. Convergence becomes difﬁcult in this later limit.
Perhaps the most interesting case from the point of view of de-
sign to achieve an interesting pressure is presented in Fig. 9. In this
case a small value of c = 105 is used, which corresponds to a beam
where shear deformation dominates bending deformation. Once
again the effect on pressure of a range of the other parameter is
studied. When k is larger than c (shear dominates extension), a
concave up, near constant proﬁle is achieved. When k and c are
the same order of magnitude (shear and extension are compara-
ble), the pressure becomes more uniform and actually switches
to slightly concave down. Then for k much smaller than c, once
Table 2
Important cases of the effect of the material stiffness parameters, k and c, on contact pressure.
k = 227 c = 0.0909 Orthotropic ring from Table 1 and Figs. 4–6
k = 3637 c = 1399 Isotropic ring with m = 0.3 and h/R = 1/40
Fixed c limk?1 Inextensible beam; pressure sensitive to value of c (see Figs. 7 and 9)
Fixed c limk?0 Unusual case where extensibility dominates, deformation and contact area reduces to a point (see Fig. 8)
Fixed k limc?1 Euler–Bernoulli beam behavior: bending deformation dominates shearing deformation and pressure becomes two spikes at the edge of contact
(see Figs. 7 and 8)
Fixed k limc?0 Shearing deformation dominates bending and pressure becomes uniform (see Fig. 9)
Fig. 7. Sensitivity of the normalized contact pressure distribution to the ratio c, for
a nearly inextensible beam deﬁned by k = 106 and a ﬁxed deﬂection of d = 0.27R. Fig. 9. Sensitivity of the normalized contact pressure distribution to the ratio k,
with the ratio c = 105, where shear dominates bending, and a ﬁxed deﬂection
d = 0.27R.
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converge to, occurs. It is observed that the pressure relationship
in Eq. (45) is satisﬁed.
The ﬁnal result is presented in Fig. 10, which shows how the to-
tal load depends on the contact angle as a function of the stiffness
parameter, c, for a ﬁxed value of k = 104, which corresponds to an
inextensible beam. Two linear curves appear as limiting cases
when shear dominates bending (small c) and when bending dom-
inates shear (large c). The versatility of the formulation, to vary
both material parameters and the slenderness ratio, provides the
transition between the two limiting cases.Fig. 8. Sensitivity of the normalized contact pressure distribution to the ratio k, for
c = 106 (Euler–Bernoulli beam behavior) and a ﬁxed deﬂection of d = 0.27R.
Fig. 10. Sensitivity of the total load-contact length relationship to the ratio c, with
the ratio k = 104.5. Conclusion and remarks
A problem of a frictionless contact of a ring pressed between
two rigid, ﬂat plates has been considered. Deformations due to
shear and axial loading have been included in the governing differ-
ential equations. The contact pressure was taken to be vertical in-
stead of radial to easily account for a non-linear feature of the
problem. Due to symmetry, a quarter of the ring was divided into
two regions, namely the free surface region and the contact region
852 A. Gasmi et al. / International Journal of Solids and Structures 48 (2011) 843–853and then the solutions were matched at the edge of contact. The
solution has been obtained by determining numerically the contact
angle, ﬁtting both essential and natural quantities at the edge of
contact.
The solution presented provides the full range of pressure pro-
ﬁles as the three material stiffness parameters, EI, EA and GA are
varied continuously. Normalized pressures were presented allow-
ing for the use of the two material stiffness parameters, k and c,
which respectively quantify the ratios of axial to bending stiffness
and shear to bending stiffness. From the point of view of practical
use and design, the most important effect can be obtained as the
ratio R2GA/EI varies from small, where the pressure is nearly uni-
form, to large, where the pressure exhibits two distinct spikes at
the edges of contact. Indeed for the case of isotropic material
behavior, the contact pressure distribution exhibits spikes at the
edges of contact and very low pressures at the center. Furthermore,
the inextensible assumption is a suitable approximation for an iso-
tropic beam. However, when the material is highly orthotropic,
that is, if the ratio between shear modulus and bending modulus
is small, the contact pressure tends to become more uniform.
The present approximate theory which includes both extensi-
bility and shear incorrectly predicts a discontinuity at the edge of
contact of the contact pressure. The elasticity solution requires that
the pressure drops to zero at the edges of contact, and including
the radial normal strain is justiﬁed. Furthermore, linear elasticity
assumptions, which do not account for large displacements, cause
errors in the contact stress distribution as well as the load–deﬂec-
tion curve.
The same formulation used in this paper can be used as an ap-
proach to formulate the governing equations of curved beams with
variable curvature, variable material properties along the axis of
the beam, and different shape and variable cross-sections.
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Appendix A. The inextensible ring
An interesting particular case of the general curved beam for-
mulation presented herein, is the inextensible limit, which means
deformations are due only to bending and shear. For slender
beams, such an assumption amounts to considering that the cent-
roidal axis coincides with the neutral axis, i.e.,
ehhðh; z ¼ 0Þ ¼ 0: ðA:1Þ
Using (A.1) and (4)1, it follows that
duh0
dh
þ ur ¼ 0: ðA:2Þ
In this case the previous relationship between the axial force N and
the displacement components is no longer valid. Using the equilib-
rium Eqs. (13) and substituting the moment and shear expressions
from (15), the governing differential equations for the inextensible
beam are given by,
R
dN
dh
 GAuh0 þ GAdurdh þ RGA/ ¼ R
2bqh;
RN  GAd
2ur
dh2
þ GAduh0
dh
 RGAd/
dh
¼ R2bqr ;
EI
d2/
dh2
 R2GA/ RGAdur
dh
þ RGAuh0 ¼ 0;
duh0
dh
þ ur ¼ 0:
ðA:3ÞA.1. General homogenous solution
Decoupling (A.3) and taking qh and qr equal to zero gives the
general homogenous solution,
urðhÞ ¼ C2 þ C3 sinðhÞ þ C4 cosðhÞ þ C5 sinðhÞhþ C6 cosðhÞh;
uh0ðhÞ ¼ C1  C2hþ C3 cosðhÞ  C4 sinðhÞ þ C5 h cosðhÞ  sinðhÞð Þ
 C6 cosðhÞ þ h sinðhÞð Þ;
/ðhÞ ¼ C1 1R C2
h
R
 2RGA
EI þ R2GA C5 sinðhÞ þ C6 cosðhÞð Þ;
NðhÞ ¼ 2EIGA
EI þ R2GA
 
R
C5 cosðhÞ  C6 sinðhÞð Þ;
VðhÞ ¼ 2EIGA
EI þ R2GA
 
R
C5 sinðhÞ þ C6 cosðhÞð Þ;
MðhÞ ¼ C2 EI
R2
þ 2EIGA
EI þ R2GA C5 cosðhÞ þ C6 sinðhÞð Þ:
ðA:4ÞA.2. General closed form contact solution
The solution of the problem depicted in Fig. 2 can be deter-
mined analytically for the case of an inextensible beam. Once again
the radial and circumferential distributions of forces are given by
Eqs. (28) and the contact condition is given by Eq. (29). Writing
the polar displacement components into Cartesian using Eq. (30)
and making use of the following mathematical transformation,
u ¼ uh  R sinðhÞ; ðA:5Þ
the governing equations for the contact can be obtained using (A.3)
and are written as follows,
R
dN
dh
þGAsinðhÞduh
dh
þRGA/¼ R2bqsinðhÞ;
RNGAsinðhÞd
2uh
dh2
GAcosðhÞduh
dh
 RGAd/
dh
¼ R2bqcosðhÞ;
EI
d2/
dh2
R2GA/RGAsinðhÞduh
dh
¼ 0;
cosðhÞduh
dh
 R¼ 0:
ðA:6Þ
The solution for the coupled differential equations (A.6) is:
urðhÞ ¼ ðR dÞ cosðhÞ þ R sinðhÞ ln 1þ sinðhÞcosðhÞ
 
 R;
uh0ðhÞ ¼ ðd RÞ sinðhÞ þ R cosðhÞ ln 1þ sinðhÞcosðhÞ
 
;
/ðhÞ ¼ C1sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !
þ R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tan xð Þdx
 R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tan xð Þdx;
NðhÞ ¼ C2
cosðhÞ  GA tan
2ðhÞ  GA tanðhÞ C1sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! 
þ R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tan xð Þdx
 R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tanðxÞdx
!
;
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ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !
þ R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! 

Z h
0
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tanðxÞdx R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !

Z h
0
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tanðxÞdxþ tanðhÞ
!
;
MðhÞ ¼ C1ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GAEI
p
þ RGAch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tanðxÞdx
 RGAsh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !Z h
0
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tanðxÞdx;
qðhÞ¼C1 GARbcos2ðhÞ sinðhÞsh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !
þR
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
cosðhÞch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! !
þ C2
Rbcos2ðhÞþ
GA
RbcosðhÞ
2GA
Rbcos3ðhÞ
þ GA
bEIcos2ðhÞ RGAcosðhÞsh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! 
þ GAEIsinðhÞch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !s !Z h
0
sh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tan xð Þdx
 GA
bEIcos2ðhÞ RGAcosðhÞch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 ! 
þ GAEIsinðhÞsh R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
h
 !s !Z h
0
ch R
ﬃﬃﬃﬃﬃﬃ
GA
EI
r
x
 !
tan xð Þdx:
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